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Introduction
In trade models where firms matter, selection effects largely determine how falling trade barriers affect the number of goods and prices available to consumers. 1 Quantifying these effects depends crucially on the shape of the productivity distribution, which is most often assumed to follow either a Pareto or Log-normal distribution. I explore how well these assumptions match available micro-level data and, more importantly, what errors they bring to the estimates of the gains from trade.
It has been well documented in the empirical and theoretical literature that firm-specific characteristics such as size and productivity often follow a Pareto distribution at least in the upper-right tail (see Axtell, 2001; Gabaix, 2008 ; Levchenko and di Giovanni, 2012; Arkolakis, 2015) . 2 Due to the consistency with the data as well as analytic tractability, Pareto distribution has been the most popular choice for modelling heterogeneity parameters in different variants of Melitz (2003) . 3 Recently, however, the plausability of the Pareto assumption has been challenged on the grounds of the available micro data on firms' sales, e.g., Head, Mayer and Thoenig (2014) and Freund and Pierola (2015) , specifically by emphasizing that Log-normal provides a closer fit to the data when the entire distribution of sales is considered. 4 This debate is not unique to international trade and arises whenever the choice between Log-normal and Pareto is unclear, e.g., Eeckhout (2004) argues that Log-normal dominates Pareto in matching the city size distribution when the entire distribution (not just the upper-tail) is considered. I combine these seemingly conflicting arguments by suggesting that while Log-normal distribution provides a closer fit to the data on measures of efficiency for a vast part of the support, the upperright tail is better approximated by Pareto which calls for a mixed distribution. This is easy to see in Figure 1 , where I plot the empirical probability density function of a productivity measure consistent with Melitz (2003) The results prove to be robust in a number of dimensions. The proposed distribution dominates more general classes of Pareto and Log-normal models that feature higher number of parameters.
The results are not sensitive to (i) truncating the sample from the right or from the left, (ii) using data from different countries and (iii) using different measures of productivity. The proposed mixed distribution also squares well with the data in an out-of-sample validity check, which suggests that it may also be of value in other areas of economics when the choice between (un-)bounded Pareto and Log-normal is not obvious. For example, research on the city size distribution (see Gabaix, 1999; Eeckhout, 2004 Eeckhout, , 2009 Levy, 2009 ) often involves debates about whether the upper-tail follows Pareto. I employ data from Eeckhout (2009) Arkolakis (2015) who shows that a two-piece distribution of productivities can arise as a result of firm selection and growth as well as to Mrazova, Neary and Parenti (2015) who discuss how interactions between assumptions on demand and technology shape the distribution of firm-specific outcomes. However, the focus of this work is largely different, i.e., putting forward and testing the performance of a two-piece distribution in terms of matching the data on efficiency measures in workhorse models of international trade featuring firm selection.
The remainder of the paper is organized as follows. The next section presents and discusses properties of a two-piece distribution that mixes the left tail of Log-normal and right tail of Pareto.
In Section 3, I estimate the proposed distribution together with the three alternative models most frequently encountered in the literature and compare their performance across different dimensions. I sketch a model of trade with heterogeneous firms in Section 4 and compare the predictions of the welfare gains from trade in counterfactual experiments implied by different parametric distributions to the numerical benchmark. Section 5 provides sensitivity analysis, discusses possible extensions and shows how the proposed distribution and estimation approach can be applied to out-of-sample data. The last section offers a brief conclusion.
Two-piece Distribution: Log-normal meets Pareto
A two-piece probability distribution combines standard Log-normal and Pareto distributions with the following probability density functions: 5
I mix the distributions such that the left tail up to a threshold value θ is distributed according 5 Two-piece probability distributions that mix Log-normal and Pareto were originally developed in Cooray and Ananda (2005) and Scollnik (2005) . Here, I build on and extend a version originally derived in Scollnik (2005) .
to Log-normal, whereas the right tail beyond θ is distributed Pareto. Under the assumptions of continuity and differentiability of the resulting cumulative distribution function (c.d.f.) and probability density function (p.d.f.), I derive a mixture dubbed Two-piece with shape parameter, α, and two scale parameters, θ and ρ, with values determined by the original parameters in f L and f P :
and:
where Φ(·) is the c.d.f. of the standard normal and s(ρ, α) is an implicit function which defines s given ρ and α according to: I employ a QQ-estimator that minimizes the sum of the squared distance between (log) observed quantiles of the data and (log) predicted quantiles by each of the four models considered. The estimator solves the following: 7
where Q e is the empirical quantile function and Q is its parametric counterpart with denoting Table 1 . Table 1 suggests that parameters of the four models are estimated with good precision and that they fit the data relatively well. However, it is important to note that the Two-piece distribution 7 A similar estimator is employed in Head, Mayer and Thoenig (2014). The results are robust to using alternative estimation methods. 8 I have experimented with increasing the grid to the exact number of observations with no changes to the estimates.
dominates the other three models in terms of fitting the data when the entire support is considered.
The estimates suggest that about the top 6 percent of the data follow Pareto and that the threshold value is equal to 1.18. The overall value of RMSE is the lowest among the four models and is equal to 0.058. The Two-piece distribution also fits the data considerably better in the right tail of the distribution. The only instance when it is dominated by one of the alternatives occurs in the bottom 5 percent of observations where Log-normal has a slight edge reflected in marginally lower RMSE on that interval. Unbounded and bounded Pareto perform significantly worse than Two-piece and Log-normal in every dimension. 
Data quantile (in logs) Predicted quantile (in logs)

Two-piece
Log-normal Pareto Bounded Pareto Cumulative Percentage 95% 99% 0.01% 1% 99,9% 5% There are J countries in the world, each country j ∈ J is populated by the L j measure of homogeneous consumers that maximize utility according to the usual CES-type function by consuming different varieties denoted by φ:
where Ω ij is the set of goods from i available in j, and σ is the usual elasticity of the substitution parameter. Consumer optimization leads to the following expressions for the demand for each variety and the CES price index:
Firms are heterogeneous in terms of the productivity parameter φ ∈ (0,φ) whereφ is infinity when the productivity distribution is unbounded from the right, and a positive constant otherwise.
They employ domestic labor for production and entry cost, and foreign labor for the fixed cost of exporting and pay wages w i and w j per unit of labor, respectively. With a slight derivation of the notation, let me also use φ to denote a productivity parameter such that each variety is associated with a certain productivity level. Then, firms from i maximize their profit in market j according to the following function:
where f ij is the fixed cost of exporting from i to j in terms of L j . Taking the derivative with respect to p ij (φ) leads to the usual pricing equation:
Not all firms in i will choose to export to j but only those that have productivity higher than the cut-off defined as:
Note that in the empirical section, I make use of the expression for revenues of all firms from i in their domestic market:
Without loss of generality, let me normalize revenues of an average firm such that its productivity parameter is unity. Then, dividing equation (7) by the sample average and taking it to the power 1 σ−1 allows calculating efficiency. This is the measure that I use in the empirical section of the paper.
Upon paying a fixed entry cost, f e i , firms can draw the productivity parameter and decide on whether to produce and serve certain markets or exit. In equilibrium, the expected profits must be zero such that the expected revenues exactly cover the entry cost:
where F (φ) and f (φ) denote c.d.f and p.d.f. of the productivity parameters. Finally, there is a labor market clearing condition which says that domestic labor is used up in domestic production, paying the entry costs and fixed costs by foreign firms:
Upon the choice of the numéraire , w 1 = 1, equations (6), (8) and (9) solve the model. Then, the welfare of consumers in i can be measured as the ratio of wages to the price index, w i /P i . In the counterfactual exercises that follow, I exogenously change τ ij to some new values τ ij and express change in consumer welfare as:
where τ and τ are J × J matrices of the initial and counterfactual levels of variable trade costs, respectively.
Note that in terms of the shape and location of the productivity distribution, the model solution involves two important selection statistics: (i) 1 − F (φ * ij ), which measures the probability of firms from i being active in j and (ii)
which is required to calculate total revenues of firms from i in market j. Note that the third necessary statistics, (8) and (9) is identical to (i) due to the following:
As selection statistics (i) and (ii) determine the equilibrium outcome, the shapes of Pareto as its parameters in Table 1 are such that the shape parameter is lower than σ − 1 which violates the assumptions of the underlying model. I parameterize it by setting the shape and scale parameters to 3.2 and 0.001, respectively.
In both experiments, I gradually reduce the level of international variable trade costs, τ 12 and τ 21 , from 3 to unity while keeping intra-trade costs at unity. For every reduction in variable trade costs I calculate the true welfare gains given by equation (10) The difference between the two experiments is in the level of the cost of exporting f ij relative to other primitives of the model. These costs will determine the relative location of the cut-off firms on the support of φ. Because parametric distributions deviate from the data differently at different points on the support, e.g., Log-normal approximates the data better than Pareto in the lower tail and vice versa, the cost of exporting will govern the relative size of the errors implied by each distribution.
Experiment 1: Falling variable costs and low fixed export costs
In this experiment, I set f ii = 0.001 and f ij = 0.25 for i = j. I plot true welfare gains (− • −) for the large (country 1) and small (country 2) economies in the left and right panels of Figure 5 .
where λ jj and χ j are true trade outcomes implied by the empirical benchmark, whereas λ jj, and χ j, are their counterparts implied by the parametric distribution. I report calculated mean squared errors for the two outcomes in both experiments in 
Sensitivity Analysis and Extensions
In Specifically, I ask if the results are driven by (i) a particular choice of the country, (ii) extreme outliers in the right or left tail of the data, (iii) a particular measure of productivity. As it turns out the answer to all three questions is no. I also suggest several theoretical and empirical avenues for extending the proposed approach.
Generalized Pareto and Three-parameter Log-normal
So far, I have compared the proposed Two-piece distribution to conventional Pareto and Lognormal two-parameter distributions. Admittedly, the Two-piece distribution features an additional parameter in comparison to these two distributions and equal number of parameters relative to the bounded Pareto case. To check whether the main results are driven by these restrictions, here I examine the fit of more general parametric models that are infrequently used but have the same number of parameters as the Two-piece distribution: Generalized Pareto and Three-parameter Log-normal with the following c.d.f.s:
Given expressions for the two c.d.f.s, I derive the associated quantile functions and apply the QQ-estimator. The results are reported in Table 4 . Relative to its two-parameter counterpart, Overall, the results in Table 4 suggest that versions of Pareto and Log-normal distributions with the same number of parameters as the Two-piece distribution are still unable to fit the empirical distribution well especially in the right tail. Hence, the main results of the paper are also applicable to the class of three-parameter distributions.
Are the results sensitive to the choice of country?
Up to now, I have used data on French firms. However, it is important to check whether the data from other countries exhibits similar patterns. The data on France is a good starting point as it is the only country in the ORBIS dataset that has sufficient observations on both domestic sales and export revenues which allows obtaining clean measures of domestic sales necessary for calculating measures of efficiency consistent with Melitz (2003) . This, however, is problematic for other countries as observations on export revenues are generally not available. Hence, results reported in this section are based on total sales (gross of export revenues), which arguably lead to a noisier measure of efficiency. Following the same methodology as in Section 3, I use data on countries where more than 100,000
initial observations are available. The results are reported in Table 5 . Taking results for France as a benchmark, I see that using total sales instead of domestic sales leads to a lower estimate of the shape parameter and, perhaps more importantly, to lower values of ρ, which now implies a slightly larger Pareto tail. This is not surprising as including export revenues results in a fatter right tail which the estimator interprets as a higher share of observations following Pareto. Table 5 suggest several other important insights. First, the Two-piece distribution performs strictly better than Log-normal and (un-)bounded Pareto for all countries where the estimated ρ is sufficiently far from unity. However, even in cases when the cut-off point is close to unity, e.g., Norway and Italy, it still performs at least as good as the next best option. Values of the parameters averaged across all countries are very close to those employed in Sections 3 and 4 such that the main results are robust to using a larger sample of countries and are not specific to France.
Results in
How important are data points at the extremes?
One may wonder if the main results of the analysis are driven by relatively rare data points located at the extremes. To address this possible concern, I repeat the estimation while sequentially removing 1000 data points from the right and left tails of the original data. First, I remove 1000 firms with the highest measured productivities which constitutes to about 0.1 percent of the original sample.
The results are reported in Table 6 . Next, I repeat the exercise but now trim the original sample from the left by removing the bottom 1000 observations. The results are presented in Table 7 . Again, the results indicate significantly better fit of the Two-piece distribution in comparison to the alternatives. The difference is particularly large for the top 5 percent of available observations. The Two-piece distribution performs slightly worse than the Log-normal in the left tail which is consistent with previous results. Overall, fitting different models on truncated data that excludes extreme observations in the right or the left tails reveals that the general results are not driven by outliers and/or peculiarities of the data at the extremes. discuss how conditions on demand and technology shape the distribution of markups and sales. In these models, normalized relative domestic sales would not yield clean measures of productivity but rather the ratio of productivity to firm-specific markups:
Alternative measures of productivities
where m(φ) is a firm-specific markup. Unfortunately, the data on firm-level markups are rarely available. However, to check for the robustness of the main results when applied to alternative trade models, I employ a measure of firm-specific markups that may be noisy but could provide some insights on the robustness of the proposed approach. I measure m(φ) as a ratio between firm's sales and the sum of its cost of employees and materials. As these data are not available for the whole sample, the procedure leaves me with a sample of 633,640 observations. Given the estimates of m(φ), I calculate the implied productivity parameters, φ, as before and use them in the estimation procedure.
I report the results in Table 8 which suggests that the Two-piece distribution outperforms the alternatives in terms of the predictive power when the entire support is considered. In comparison to Log-normal, Two-piece performs better overall and in the top 5 percent and worse in the bottom 5 percent which is consistent with the previous results. It also outperforms (un-)bounded Pareto everywhere except for the top 1 percent. Unbounded Pareto seems to be the best alternative in terms of matching the top 1 percent as the parameter on the right limit of the bounded Pareto distribution cannot be precisely identified. This is also reflected in the estimate of the third parameter of the Two-piece distribution that points to a large (over 22 percent) Pareto tail. Table notes: In the case of the Two-piece distribution, parameter (I) refers to the shape parameter, α, (II) and (III) refer to the scale parameters, θ and ρ, respectively; in the case of the Log-normal distribution, (I) and (II) refer to the scale and location parameters; in the case of the Pareto, (i) and (II) refer to the shape and scale parameters; in the case of the Bounded Pareto distribution, (I) refers to the shape parameter and (II) and (III) to two location parameters. All parameters are estimated using 100,000 quantile data points. Harrigan, 2011) and potentially in many other characteristics. While looking at every particular case is beyond the scope of the paper, it is possible to check the sensitivity of the results by using measures of productivity based on the cost function. Unfortunately, the data on cost-side variables are not widely available. The best country satisfying this requirement is Japan with a total of 219,454 observations available in 2012. I use data on total cost of goods sold and total cost of employees to calibrate the productivity parameter from the following relationship:
where c(φ)q and w(φ)q are the observed total cost of goods sold and observed cost of employees, respectively. I then estimate the distribution of backed out φ applying the QQ-estimator for four parametric models. The results are in Table 9 . Again the Two-piece model fits the data better than any of the alternative three models when considering the entire support. It performs slightly worse than Log-normal in the bottom 5 percent and slightly worse than Pareto in the top 1 percent. This is due to the fact that the true distribution of the cost-based measure is generally more skewed than the one based on sales. This is also confirmed by the value of the estimated ρ = 0.8260 which gives a significantly larger weight to the Pareto tail. Also note that due to the skewness, the upper bound of the Bounded Pareto could not be estimated precisely and the shape and the lower bound parameters are nearly identical to the unbounded Pareto. Overall, the main results in this section suggest that the Two-piece distribution is preferable to Log-normal and (un-)bounded Pareto due to closer fit over the entire support.
Truncation from the right
Several papers argue that unbounded support usually assumed in the literature is a strong assumption (see Helpman, Melitz, Rubinstein, 2007; Feenstra, 2014; Melitz and Redding, 2015) . Though I have demonstrated that an unbounded Two-piece distribution outperforms bounded Pareto and does not deviate significantly from the empirical distribution, it may be of value to point out that the extension featuring a mixed distribution with a truncation from the right is possible. Such an extension would be straightforward and would require mixing the following two p.d.f.s:
where φ h would serve as an upper bound. Applying continuity and differentiability conditions and following the same derivations as in the case of the unbounded Pareto (described in the Appendix), one could get a version of a Two-piece distribution bounded from the right.
External Validity: City Size Distribution
The virtues of the Two-piece distribution can be explored using alternative data sets where the choice between Log-normal and Pareto is not obvious. Perhaps, one of the most well-known of such cases in economics is an ongoing debate on the shape of the city size distribution (see Gabaix, 1999; Eeckhout, 2004 Eeckhout, , 2009 Levy, 2009 ). Considering this debate through the lens of the proposed approach can turn out to be particularly fruitful as in many ways it mirrors the current debate in international trade about the shape of the productivity distribution. I use data from Eeckhout (2009) to estimate four alternative parametric models and report the results in Table 10 . 11 First, note that the estimated shape parameter of the Log-normal model is exactly the same as in Eeckhout (2004) This result lends some evidence in support of the original claim in Gabaix (1999) , which is now based on the entire support of the distribution rather than a particular interval thereof and suggests that the upper tail of the city size distribution follows a power law.
Conclusion
This work has emphasized that the most often used parametric assumptions about the shape of the productivity distribution fail to come to grips with the data. While the Log-normal distribution fails to capture the shape of the right tail, (un-)bounded Pareto misses on the left one. I use the workhorse quantitative general equilibrium model of trade with heterogeneous firms and show that these deviations from the data can be harmful for the correct calculation of different trade outcomes including the gains from trade.
As a remedy for these problems, I have proposed using a parametric distribution that models the left tail as Log-normal and right tail as Pareto. I use micro data from different countries and estimate the parameters of the proposed model to show that this distribution fits the data better than the alternatives along the entire support and produces negligible errors in counterfactual exercises. I also provide several possible avenues for further extensions that may prove to be useful in international trade as well as in other areas of economics.
Appendix A: Derivation of Two-piece distribution
Mixed distributions that combine the Log-normal and Pareto distributions were first developed by the mathematicians Cooray and Ananda (2005) and Scollnik (2007) . The distribution proposed in this paper builds on and modifies the version in Scollnik (2007) . Let a random variable x be distributed according to the following p.d.f.:
where, κ is a normalizing constant derived in what follows and f L (x) and f P (x) are the Log-normal and Pareto distributions with the following p.d.f.s:
For f (x) to be well-behaved, I impose two conditions: continuity and differentiability. The continuity condition ensures that f (x) is continuous at θ and holds if and only if κωf L (θ) = (1 − ω)f P (θ) which entails:
The differentiability condition requires f (x) to be differentiable at θ and holds whenever κωf L (θ) = (1 − ω)f P (θ). First, let me derive the derivatives of the Log-normal component:
The derivative of the Pareto component is as follows:
Then, by combining equations (16) and (17), I can specify the differentiability condition as:
Next, note that the condition in (15) implies:
which together with the condition (18) leads to the following:
Plugging this result back into the continuity condition gives the following expression for the relative weight parameter ω which turns out to be a function of the other model's parameters:
Finally, to make sure the the overall p.d.f. is well-behaved, I define the normalization condition concerning κ which makes sure the the integral of the p.d.f. along the entire support is unity:
which puts the following restrictions on κ as a function of θ, µ and σ:
Now plugging back into the equation (19) I get the following:
Combining this expression with an earlier result µ σ = ln θ σ −ασ, I can rewrite the original formulation of the probability distribution in the equation 14 as follows:
which is a function of one threshold parameter, θ and two shape parameters α and σ. Next, let me derive the c.d.f. of the Two-piece distribution starting with the upper-tail:
F (x|θ ≤ x) = Then, the Pareto part of the c.d.f. can be expressed as follows:
Next, let me calculate the component of the cumulative distribution function corresponding to the Log-normal part:
Then, again using the fact that µ σ = ln θ σ − ασ, the c.d.f. may be expressed as follows:
Next, I use the fact that at x = θ, the c.d.f. equals to the following:
This expression provides a clear-cut condition for the permissible parameter space of the second shape parameter σ given α and the two scale parameter θ and ρ, and can be simplified to the following condition.
Hence, one can express σ as an implicit function of α and ρ, i.e., σ = s(α, ρ). Then, rewriting the expression for c.d.f. in equation (21) gives:
Φ αs(α, ρ) + ln x − ln θ s(α, ρ) for x ∈ (0, θ]
Finally, the probability density function in equation 20 can be rewritten as:
2πs(α, ρ)x e − 1 2 (αs(α,ρ)− ln θ−ln x s(α,ρ) ) 2 for x ∈ (0, θ]
where F (x) and f (x) are exact functions used in the main text.
Appendix B: Estimation and data
In Section 3, I use a QQ-estimator to pin down the parameters of the four distributions. Here, I provide exact functional forms used in the analysis. QQ-estimator minimizes the squared distance between (log) observed quantiles and (log) predicted quantiles for a given value of the c.d.f., F q . Hence, the estimation involves inverting the c.d.f.s as:
In case of the Two-piece distribution, the c.d.f. must be inverted separately on the intervals [0, θ] and [θ, ∞):
where s is constrained according to the following:
Note that Q T wo−piece distribution is a continuous function. This is easy to check by the identity that if F q = ρ then x = θ in both tails.
Before, I explain how the computational procedure works, let me describe the original dataset employed by the study. The original data on total sales and export revenues come from proprietary database of Bureau Van Dijk's Orbis database. The data have been cleaned to keep only unconsolidated accounts, and reflect balance sheet data from the latest available report in any single year for every entity. I also exclude firms classified as operating in financial and insurance sectors. To calculate domestic sales I subtract export revenues from total sales and keep only those observations that are non-negative. This leaves 928,569 observations for France in 2012. They are then normalized described in the main text as to reflect measures of productivity. Plugging this back into the equation above gives the following: The second change of variables:
The second selection statistics is calculated as follows:
as long as s p > σ − 1 and φ * ij ≥ φ m .
